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The decay of the free motion of a floating body

By F. URSELL
Department of Mathematics, University of Manchester

(Received 9 December 1963)

A body floating on the free surface of water is given a small vertical displacement
from its equilibrium position and is then held fixed. When the fluid has again
come to rest the body is released. The subsequent damped motion is investigated
when viscosity and surface tension are neglected and the equations of motion are
linearized. The method applies to bodies of arbitrary shape in two or three
dimensions, and is described in detail here for the heaving motion of a horizontal
half-immersed circular cylinder of radius a.

The forced periodic motion of such a cylinder has been studied in earlier papers.
In particular, the hydrodynamic forces exerted by the fluid on the body can be
described by a dimensionless coefficient, A(w(a/g)?), where w is the (real) angular
frequency. The function A can be found by convergent infinite processes, but
not explicitly, and the difficulties of the problem are due to this. The free motion
of the cylinder is solved in the present paper by Fourier methods. The motion is
regarded as the superposition of simple harmonic motions, and the displacement
¥,(t) is thus obtained in the form of a Fourier integral

. © A —z‘urd
Yo(7(afg)t) = ~Liyo(0) f . ?f(i ;u(z?i)ﬁ A(u;;‘

It is seen that the integrand involves the force coefficient A and is thus not
strictly an explicit expression. The asymptotic behaviour for large times can be
found explicitly when the depth is infinite:

4 a
Yolt) ~ ";T?/o(o) ﬁ .

A damped harmonic behaviour had been expected. The slow monotonic decay
occurs because the function A(w(a/g)?), when continued into the complex w-
plane, can be shown to be many-valued near w = 0. No physical interpretation
has yet been found for this property. The free motion of a cylinder set in motion
by an applied force is also treated, with similar results,

Reasons are given why there are no rapidly oscillatory terms in the asymptotic
expression. For finite constant depth the function A(w(a/g)?) is single-valued
near o = 0, and the asymptotic expression for this case is not yet known.

1. Introduction

A body floating on the free surface of water is given a small vertical displace-
ment from its equilibrium position and is then held fixed. When the fluid has
again come to rest, the body is released and a motion of the body and fluid ensues,
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subject only to the external force of gravity. The amplitude of motion of the
body soon reaches a maximum and then decays as energy is progressively trans-
ferred away from the body into the fluid by waves and by viscous action. Ulti-
mately the body and the fluid return to their equilibrium state of rest. The motion
is damped by waves even when viscosity is negligible, and in the present paper
we shall consider the motion of a body subject only to wave damping in a friction-
less fluid under gravity. Surface tension is also neglected.

For comparison, let us consider the analogous problem in acoustics. A rigid
body is surrounded by air (in which the velocity of sound is independent of the
frequency) and is subject to an elastic restoring force. It is slightly displaced
from its equilibrium position and released from rest. When the body is a sphere,
the resulting acoustic wave motion and the motion of the body can both be
found explicitly (Love 1904; Lamb 1932, §301). The motion of the body is the
superposition of a finite number of exponentially damped harmonic modes.
In practice the damping of the modes is very light and can be calculated quite
accurately from the energy radiated in one cycle of a forced exactly periodic
motion, where the period is determined by the mass of the body (corrected for
the virtual mass of the air) and the magnitude of the elastic restoring force. In
our water-wave problem, on the other hand, the wave velocity depends on the
wavelength, there are no known explicit solutions (not even for the forced
periodic motion of a circular cylinder or a sphere), and the damping is not light.

To describe some earlier attempts at the solution of this problem it is first
necessary to consider the form of the equations of motion. To fix ideas, let us
confine attention to the heaving (i.e. vertical) motion of a three-dimensional
body of such symmetry that heaving is independent of rolling and pitching.
(Similar considerations also apply to less symmetrical bodies.) At any instant ¢
the motion is described by the vertical displacement y,(¢) of the body, and by the
velocity potential ¢(x,vy,2; ) at any point of the fluid. These functions are
coupled through boundary conditions on the body, which contain time deriva-
tives and thus connect the motion at time ¢ with the motion at neighbouring
instants of time. Time derivatives also occur in the boundary condition satisfied
by the potential at the free surface. In the exact non-linear problem the non-
linear boundary conditions must be applied at the instantaneous position of the
body and of the free surface, while in the linearized (small-amplitude) problem
the boundary conditions are applied on fixed surfaces. We observe that three
space dimensions and one time dimension are involved. In the present paper
we shall be concerned only with the linearized problem which can be reduced
in various ways to the solution of integro-differential equations in a smaller
number of dimensions. One such reduction is due to Sretenskii (1937) whose work
is described in detail by Wehausen & Laitone (1960, pp. 619-620). (I have not
seen the original paper.) The fluid motion is represented by a distribution of
instantaneous (Cauchy-Poisson) wave sources over the surface of the body.
The unknown functions are now the displacement #,(¢) and the instantaneous
source strength at any point on the body at any time. Only 2 space dimensions
are now involved which describe the surface of the body. The unknown functions
are connected by a pair of complex linear integro-differential equations which
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appear too complicated for analytical treatment. For certain nearly vertical
thin and slender bodies Sretenskii assumes a relation between body shape
and source strength, and obtains a single integro-differential equation for the
displacement which he solves numerically for a certain thin wedge (see Wehausen
& Laitone, p. 620).

Another reduction to an integro-differential equation is due to Cummins
(1962). Suppose that the Canchy—Poisson type of wave motion due to a sudden
initial displacement of the body can be found, the body being held fixed after
the initial instant. (No solution of this type is known at present.) The force on the
body at any time can then be found and gives the coefficient function in an integro-
differential equation of simple type for the displacement. No numerical or ana-
lytical deductions from this equation are yet available.

The related but simpler problem of a flat body in very shallow water has been
solved explicitly by John (1949). This is simpler because here (as in the acoustic
problem described above) the wave velocity is independent of the wavelength.

In the work described in the present paper, as in the work described above, the
fluid will be assumed inviscid and the equations will be linearized. The depth
of the fluid will be assumed infinite; the method also applies to finite depth but
the asymptotic results are different. We shall concentrate on the vertical dis-
placement y,(t) of the body for which we shall obtain not an integro-differential
equation but an explicit solution in integral form. The integrand involves,
however, the force coefficient, a function of the frequency which describes the
force acting on the body in forced periodic heaving. This force coefficient is not
known explicitly in closed form but can be found for any desired frequency by
golving an integral equation or an equivalent infinite system of linear equations.
The method is applicable to bodies of general shape in two or three dimensions
but for the sake of simplicity will be applied here in detail to one specific two-
dimensional problem, the free heaving of a half-immersed horizontal circular
cylinder. Thisis chosen because for the forced periodic heaving of such a cylinder
we already possess analytical and numerical results., In particular, the force
coefficient A(w(a/g)t) at any given angular frequency w may be regarded as known,
though not in closed form (see §3 and the appendix below).

We shall express the free heaving motion by Fourier’s theorem as the super-
position of periodic motions. For each frequency component the fluid action
on the body is completely expressed by the above-mentioned function. In this
way the displacement is expressed as a Fourier integral involving A. This integral
can be computed but in the present paper we shall be concerned mainly with the
asymptotic behaviour of y,{t)forlarge valuesof , which can be obtained explicitly
because w = 0 is a logarithmic branch point of the function A. It will be shown
that y,(¢) is ultimately non-oscillatory. Tt is believed that these results are
applicable to bodies of general shape in 2 and 3 dimensions if the depth is infinite,
but that the asymptotic treatment for finite depth will be more difficult. We
shall first write down the equations of motion, next consider the related problem
of a cylinder set in motion by an applied force, and then consider the problem
posed at the beginning of the introduction.
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2. The equations of motion

It is assumed that the equilibrium position of the centre of the circular cylinder
is in the mean free surface. This point is taken as the origin of rectangular
Cartesian co-ordinates (x,y). The z-axis is horizontal and y increases with
depth. Polar co-ordinates (r,d) are defined by z = rsiné, y = r cos&; thus the
equilibrium position of the cylinder is » = a, where a is the radius of the cylinder.
The vertical displacement y,(t) of the cylinder is to be found. The amplitude of
motion is assumed to be so small that all equations can be linearized. Since
viscosity is neglected and the density p of the fluid is constant, it is possible to
describe the motion of the fluid by a velocity potential ¢(x,y; t) satisfying the
equation of continuity

0% 0? . .
(bx—z—i—é;z) d(x,y;t) = 0 intheregion r>a, y> 0, (2.1)

The linearized condition of constant pressure at the free surface is

op_,09

sz Ug, =0 when y=0, |z >a (2.2)

cf. Lamb (1932, §227). On the cylinder the radial velocity components of the
body and of the fluid are equal,

0% _

87‘—g][)(t)cos;é‘ when r=a, 0<60<

. (2.3)

[

Finally, there is the equation of motion of the body
ia
$mpadijy(t) = — 2pgay,(t) + 2paf cos 0% Plasind, acosd; t)di + fo(t), (2.4)
0

where on the right-hand side the first term is the hydrostatic restoring force, the
second term is the resultant of the hydrodynamic pressures, and the third term
is the applied vertical force. The mass of the body is }mpa? (per unit width), by
the principle of Archimedes. As was explained in §1 above, we shall use the
Fourier transforms of these equations. We suppose that there is no motion when
t < 0 and write

Dz, y; w) = f: el(x, y; t)dt, (2.5)
Yoo) = [ etytya, (26)
B = [ e a.
If the total energy of motion is finite, the potential energy of the body remains
bounded, and therefore y,(¢) is bounded. Tt follows that the function Y(w)

of the complex frequency w is regular in the whole of the upper half w-plane
Fw > 0. If we make the trivial transformation « = #s then (2.5) and (2.6)
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are Laplace transforms which are widely used in initial-value problems. The
inversion formulae are

.’L' y7 _f —‘Lwl(D x Yy, o )d W, (27)

Yolt) = % e““‘Y o(w) do. (2.8)

Integration by parts gives
[ emagnnt = —io " eyt dt—y,0)
0 0

— —iwYy) —5(0), (2.9)
f " gl i) dt = —iw f ¢ (£) di — 5(0)
0 0
= _“)2Yo(w) +10y,(0) — 7,(0), (2.10)

and similar expressions involving the potential ¢(x,y; t). From these the
Fourier transforms of the equations of motion are readily obtained; see §§3
and 4 below.

3. Cylinder set in motion by an applied force

In this section we shall suppose that a prescribed vertical force fy(t) acts for a
finite time, and that thereafter the system is left to itself. We impose the initial
conditions y,(0) = 4,(0) = 0. On the freesurface (y = 0, || > a), wehaveinitially

¢ = 0 (zero impulsive pressure), and ¢ = 0 (zero elevation). Now let the Fourier

operator f e*t . dtbeapplied to the equations of motion (2.1) to (2.4). On taking
0

account of initial conditions we find that

02 07 o h

(ax2 82) (v,y; ) =0 when r>a, y>0; (3.1)
(w2+g%) O(z,y; w) =0 when y=0, |z|>a; (3.2)

od . 1
== —iwYy(w)cosd when r=a, 0<0G<m (3.3)

i
— Impatw?Yy(w) = — 2pga¥y(w) — 2paia)f0 ®(asind, acosb; w)cosddf + Fy(w).

(3.4)

Equations (3.1) to (3.3) are evidently identical, for real w, with equations de-
seribing the fluid motion due to the forced periodic heaving (of constant ampli-
tude Y,(w)) of the circular cylinder (see Ursell 1949). To define ® completely an
additional radiation condition at infinity is needed. If w is a complex frequency in
the upper half plane, let it be assumed that ®(z, y; w) defined by (2.5) does not
tend to infinity as « and y tend to infinity. (Compare the discussion following
equation (2.6) above.) It can then be shown that at large distances the potential
is the sum of progressive outward-travelling waves

?-(E+z~w—(l)—>0 as 7 - 00, (3.5)
or g
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according as o Z 0. (The same condition can be obtained by use of the Rayleigh
friction; cf. Lamb 1932, § 242). For positive w this radiation condition is also the
same as for the forced periodic heaving of the cylinder, and we conclude that
®(x,y; w) is proportional to the potential obtained by Ursell (1949) for positive
o, and to its complex conjugate for negative w. Clearly the constant of propor-
tionality contains Yy(w) as a factor. If the function ®(z,y; w) is now regarded
as known, though not explicitly in closed form, the equation

in
f D(asind,acosl; w)cosfdl = }miawYy(w)A(w,a,g) (3.6)
0
defines a non-dimensional function A,(w,,¢) which is in fact a function of the
single variable w(a/g)t,

Ay, a,9) = Ao(a/g)?), (3.7)

as is obvious from dimensional reasoning. The funection is in principle a known
function which can be deduced from published computations on periodic heaving
(Ursell 1957). The real part of A(w(a/g)?) is the virtual mass coefficient, the
imaginary part is simply related to the wave-making coefficient. In fact, if
A(w) is the wave amplitude at infinity, then the imaginary part of A(w(a/g)?) is
+ 2¢%17la" 2w 4 A(w) [ Yy(w))? according as wZ 0. (It is shown in the appendix
below that A has a logarithmic branch point at w = 0.) It now follows from
(3.4), (3.6) and (3.7) that
Fy(w)

Yo() = 2pga 1 — (maw?(4g) (1 + A(w(a/g)))’ 35
whence, from (2.8),
1 © Fy(w) e~ dw
Yolt) = Llnr,ogaf_ao 1 — (maw?/4g) (1 + A(w(a/g)}) 3
byt~ ' :
2pg’}a%ff°t) (t t)())dt (3:10)

by the convolution theorem (Titchmarsh 1948, p. 59). The function fy(f) is the
applied vertical force, the function 4, is defined by the equation

1 «© e—tut gy
hu(r) = o f_w 1—u?(1+ A(u))’ (3.11)

and vanishes for 7 < 0. In (3.11) the function A(u) is the complex-valued foree co-
efficient described above. The expression (3.10) shows that the displacement y(¢)
is a linear convolution transform of the force fy(t), as might have been expected.
We have assumed that the real and imaginary parts of the denominator do not
both vanish at the same point on the real w-axis; if they did so, then the cylinder
could oscillate freely at that frequency without damping. Published computa-
tions (Ursell 1957) show that for the heaving circular cylinder there is in fact
damping at all frequencies. (The energy considerations of §2 showed, moreover,
that for motions of finite energy the function Yy(w) is regular in the upper half
w-plane.)

Equations (3.9) and (3.10) solve our problem in a form involving convergent
integrals. For any given f(t) they can be computed, but direct quadrature is not
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convenient for large values of ¢ when the integrand oscillates rapidly. Numerical
results are not yet available but it is remarkable that the dominant asymptotic
behaviour for large ¢ can be found analytically, although A(%) is not known in
closed form. The behaviour of Fourier integrals like (3.9) and (3.11) for large ¢
is found as follows: let the variable » (or 4 = w(a/g)?) be regarded as a complex
variable, and the integral as a contour integral. In general, the integrand has
singularities in the lower half w-plane. It is then known (see e.g. Carslaw &
Jaeger 1947, p. 279) that the asymptotic behaviour is dominated by the behaviour
of the integrand at those singular points which lie on or nearest to the real w-axis.
In our problem these are (i) the logarithmic branch point at » = 0 due to the
logarithmic branch point of the function A; (ii) possibly the points @ = + oo on
the real w-axis if A is sufficiently singular there.

(0N

C- C.

Ficure 1. The path of integration in the u-plane.

The contour of integration 40B of (3.11) along the real w-axis is therefore
deformed into the contour AC_OC_ Bwhere AC_and C B coincide with the real
axis except near w = 0. The points C_, C, lie on opposite sides of the negative
imaginary w-axis which is a branch cut. The contour is chosen so that there are
no singularities above it (see figure 1). The value of the integral is clearly un-
changed by the deformation of the contour. The following argument is given for
the function A,(r) defined by (3.11) but applies with little change to (3.9).

The contribution from C_ OC is found from Watson’s lemma (Erdélyi 1956,
p- 31), for which the leading terms in the expansion of the integrand near u = 0
are needed. It is clear that single-valued terms make no contribution. From
(A 1.18) in the appendix we see that, along OC_ and OC_,

(1 —dmu?(1+ Adu))]

——21n2—'y—2(1n|u[1i7r)+...]—1
L+ d|ul? (In |u| T im) +...
= 1—-im|u|?—7|u|2{3 —2In 2 —y — 2(In |u| F 97)} + smaller terms, (3.12)

3
= [1 + 7| u|? + 4|2 ®

whence

27 (fom foo ) 1—:;77;;”1(%:01\( u))

= —Zr —|”|T{17'r|u|2 (In |u| —im) — }r|u|2 (In|u| + i7)} d|u| + smaller terms

4 [ 8
~ —;Tj‘o et (w2 dJu| ~ —— (3.13)

T3’



312 F. Ursell

The contributions to A,(7) from AC_and from C, B are more difficult to estimate;
the method of repeated integration by parts (Erdélyi 1956, p. 47) succeeds only
if the first few derivatives of A(u) do not oscillate rapidly at infinity. If they do
oscillate, then A,(7) may oscillate rapidly for large 7. There are, however, reasons
for believing that the contributions from AC_ and C,_B are negligible, see §5
below. We conclude from (3.13) that

8
h1(7)~—;73 as T —>o0. (3.14)

If the applied force acts for only a finite time, then clearly from (3.10)
8at 1 D o qer
W)~ =i [ he)

mt3gt 2pgrat Jo

4 D g

where in fact the integration extends only over a finite range. It is seen that
¥o(?) is ultimately non-oscillatory. Presumably the mean level of the fluid near
the body is also given by (3.15). I't is remarkable that a downward force causes a
rise in mean level which decays only slowly.

4. Cylinder slightly displaced from equilibrium

This is the problem described in § 1 above. There is no applied force, the initial
displacement y,(0) is prescribed, and the cylinder is released at time ¢ = 0 with
zero velocity. The initial velocity of the fluid is assumed to vanish. The procedure
is similar to that of §3, except that some of the initial-value terms in (2.9) and
(2.10) must now be included.

The transformed equations are

02 o2
(8702_*_5?2) O(r,y; w) =0 when r>a, y>0; (4.1)
(a)2+ga—ay) O(z,y; 0) =0 when y=0, |z|>a; (4.2)

oD = (—1wY(w) - yy(0))cos§ when r=a, 0<0<im (4.3)

or
$mpat{ — 0¥ y(w) + twyy(0)}

= ~2pgaYO(w)——2paiwf D(asind,acosl; w)cosddi; (4.4)

0
together with the radiation condition (3.5). Equations (4.1) to (4.3) are identical
with equations (3.1) to (3.3), except for the coefficient in (4.3), and it is thus

obvious that

f%” ®(asing, acosl; w)cosdl = tra(inYy(w)+y,(0)) Alw (a/g)t), (4.5)
0

where A is the function defined by (3.6) and (3.7). On substituting (4.5) in (4.4)
it is seen that

2pgaXy(w) {1 — (maw?/4g) (14 A)} = — dmpaty,(0) (iw +iwA), (4.6)
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R =g [ e
@ © w{l +A(0(a/g)})} e do
N —%@53"’(0)]_@ 1= (raw?ag) {1 + A} (4.7)
— A(w))e=vrd
- "%’yO(O)f*w ﬁ(imgﬁ)j ) (£8)
where 7 = t(g/a)}. Thus
Yolt) = Yo(0) hy(t(g/a)?) (4.9)
where by definition
@ —iur .
ho(7) = —E@Lw ?ﬁ(i—ﬁﬁ (4.10)

We note that this is related to the function k,(r) defined by (3.11), since, when
T7>0,

, ® e—iu-r 1
)+ alr) = f o L=t (1 A) (%‘%‘“2(1 +A)) du
1 (= .
= % _we_“"du = 0. (4.11)

Also, from (4.9), ho(r) = 1 as 7 - 0 through positive values. The asymptotic
behaviour of A,(r) for large 7 can be found by the method of § 3; alternatively, it
may be inferred from (4.11). For

hy(r) = f " by dr (4.12)
fw -—-—-8—) dr’ from (3.14)
-\ 7P '
4
=-= (4.13)
It follows from (4.9) that
4 a

Yolt) ~ _;Tyo(o)g_tg- (4.14)

The remarks at the end of §3 apply equally to the present problem, in which
however the monotonic decay is even slower than before.

5. Discussion

In §§3 and 4 we have solved two initial-value problems by means of Fourier
integrals. An explicit asymptotic treatment for large ¢ was analytically possible
because the origin w = 0 in the frequency plane is a logarithmic branch point,
and gave the following results: a body initially depressed and then released from
rest ultimately approaches its equilibrium position from above, the distance
decaying like ¢~2 (see (4.14)). For a body set in motion by an applied force the
results are similar, except that the decay varies like t=3 (see (3.15)). In this final
stage any damped harmonic terms arising from complex zeros of the denominator
of (4.8) are insignificant; this was not expected. I have not yet succeeded in
finding a physical interpretation for the many-valued behaviour of the force-
coefficient A(u) = A(w(a/g)?) near w = 0 in the complex frequency plane.
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In obtaining these results it was necessary to assume that the force coefficient
A(u) and its first few derivatives do not oscillate rapidly for large real values of
u; otherwise rapidly oscillating terms like cos (g¢t?/4a) might also appear in the
asymptotic expressions. (For comparison, if a water surface is given a slight
initial parabolic deformation in the range —a < x < a, then the surface velocity
at x = 0 does contain such terms.) There remains the problem, not yet com-
pletely solved, of finding out whether our assumption is correct.

This can be expressed more precisely. We already know that, for real v,

Aw) ~ 1-%«.., (5.1)
as was shown in an earlier paper (Ursell 1953, equation (5.1)), but now we need
the behaviour in more detail. It is sufficient to show that (5.1) holds uniformly in a
finite sector —e < argw < 0 of the complex u-plane, because then the curves
AC_and C, B may be deformed into the lower half plane so as to make an angle
with the real w-axis, and the contributions from large « are then evidently
exponentially small. On re-examining the integral equations in earlier papers
(particularly in Ursell 1961) it is found that in fact only a few changes are needed
to extend (5.1) from the real axis into an angle 0 < argu < € but not into an
angle —e < argu < 0. Tt is, nevertheless, believed that the result (5.1) is valid
there also; arguments are given in the appendix below. It follows (cf. Erdélyi
1956, p. 21) that (5.1) may be differentiated any number of times, so that the
derivatives of A(u) do not oscillate rapidly for large «.

The analysis given in §§3 and 4 above is equally applicable to finite depth, if
A(w) is now interpreted as the force coefficient for finite depth. But the conclu-
sions are different, for it appears that A(u) is now single-valued near u = 0,
and it becomes more difficult to locate the singularities nearest to the real
u-axis. It seems likely that the motion is ultimately a damped harmonie oscilla-
tion, with a period depending on the depth rather than on the radius.

Appendix. The force coefficient A(z) near « = 0 and v =

The potential ®(x, y; w) describes the forced heaving of a circular cylinder and
was calculated in earlier papers (Ursell 1949, 1953, 1957). Here we are concerned
with the derived quantity A(u) = A(w(a/g)t) defined by (3.6) and (3.7).

(1) The analytic form of A for small w. This is needed in (3.12) above. The in-
finite processes used here can be rigorously justified, e.g. by the theory of infinite
determinants.

The potential O(z,y; w)is expanded in the form (cf. Ursell 1949)

(co:s.2n0+ K cos(2n—1)0)

rin 2n—-1 g1

1 . 2 an(Ka) ,.
E®=D(Aa)®0(Kr,0)+§ o a?

&

(A1.1)

where K = w?/g, and where it is first supposed (to fix ideas) that w > 0. The
function @, is the source potential

®y(Kr,0) )E: et 28 lj‘fg ke = J[: e‘krcosoclsl(c?k_’i,ne)dk, (A1.2)
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where the path of integration passes below the point £ = K on the real axis,
so0 as to make @, satisfy the radiation condition (3.5). All the terms on the right-
hand side of (A 1.1) are harmonic and satisfy the free-surface condition (3.2).
The normal-velocity conditiont (3.3)

<§‘ O(Kr, 0)> = —twY,(w) cosd (A1.3)
is also satisfied if the equation
D(Ka) <aa% Oy (K7, 0)> - E a,(Ka) (cos 2n6 + I‘)i:; cos (2n—1) 0)
l -

= —iwa 1Y (w)cosd (Al.4)
holds in the range 0 < @ < }m. This condition determines the coefficients
D(Ka),a,(Ka).
It is convenient to begin by eliminating Y (w). Integration of (A 1.4) over
0 <0 < fmgives

Kaf < = Oy(K7,0') >d0 Zoc Ixa)(—(l)n IK)“ —iwa Y (w). (A 15)

(A 1.4) and (A 1.5) together give

D(Ka) [<a8‘ar DOy (K7, 0)> —cos ﬁf:” <a8_ar DOy (K7, 0’)> dﬁ’]

i Ka (=1t
=Y M0 + ~1)6~ . .
‘l_,ocn(Ka) [cos nt + o (cos (2n—1)0 o1 cosﬁ)] (A1.6)
The functions in brackets on the right-hand side involve Ka as a linear factor

only. The function on the left-hand side involves terms like (Ka)™ and
(Kay™(In Ka —im),

as is readily seen from the expansion for ®,

o (Kr v Krym /]
O(K ,0) — > (_l)m (ln Kr Z7T)( 2 COSl;n
(=1 ( 1) rym m(Kf)"‘ﬁsinmﬁ
0 ( l) |‘(m 1)(K ) cosmﬁ-{— 21 (_]_) _(—ﬁ_’ (A 1'7)

where ¥(z) = d1n I'(z)/dz (Erdélyi 1953, vol. 1, p. 15). This can be obtained by
considering that the right-hand side of (A 1.7) is a harmonic function which is
an even function of 6, and which for = 0 coincides with the expansion for

® dk
—eETE (Krei™) = :ﬁ e kr iy ®y(Kr, 0);

0

here E, is an exponential integral, (Erdélyi 1953, vol. 2, p. 143). Tt follows from
(A1.7) that

d . _ N 0. ()
<a5‘¢)0(11r,6)>——1—12(—1) (InKa—1m) T(m )cosmO

+ §1( 1)m"/’(( n; (Ka)mcosme+v (— 1)m(—1£“)%(6nf_;nﬁ9

1 Angular brackets { ) are used to indicate that 7 is to be put equal to a.

. (AL8)
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Now for small values of Ka the series on the right-hand side of (A 1.6) resembles
a Fourier cosine series. Let therefore the integral operators

f"‘ cos2nf...dd (n=0,1,2..)
0

be applied to (A 1.6). An infinite system of equations is thus obtained for the
infinite number of unknowns «,(Ka). This may be solved by iteration (Ursell
1949, p. 226), or by the theory of infinite determinants. From the analytic
form of the various terms in (A 1.6) it then follows that

a,(Ka) . % ok

D(Ka) =~ (In Ka—im) o} (Ka)+oX*(Ka), (A1.9)
where a¥, aX* are power series in Ka with real coefficients, convergent for small
Ka. Substitution in (A 1.5) gives

wa Y (w) = D(Ka){(In Ka—in) Y§(Ka)+ YE*(Ka)), (A1.10)

and substitution in (A 1.1) gives
in
(lefo (D) cosfdf = D(Ka){(In Ka—in) ZF(Ka)+ ZE*(Ka)}, (A1.11)

where Y§, Y§*, Z§, ZE* are real power series convergent for small Ka. Thus, with
a change of notation, we see from (A 1.10) and (A 1.11) that the force coefficient
is given by .

in
4f0 (@ eosfdl 1 ko im) At(Ka)+ AT*(Ka)

A= awTyw) (nKa—im AF(Ka)+ AF¥(Ka) AP

where the A’s are real power series, convergent for small Ka. We have so far
assumed that w > 0. When w < 0, then In Ka — 4w must be replaced by In Ka + 7.
It follows from this statement, since Ka = u? = w2ag~!, that near u = 0 the
function A is single-valued in the u-plane cut along the negative imaginary
u-axis.

For our purpose we need the leading terms in the A’s. If we wish to retain
only the leading terms on the left-hand side of (A 1.6), we have from (A 1.8)

<a%q)0> =—1+(InKa—ir— (1)) Kacosd — Kabsinf

+O0((In Ka —im)(Ka)?), (A1.13)
whence

in
0

On following the Fourier procedure described above, we see that

a,(Ka) 4 (¥ 1
D(Ka) ~7_TJ‘0 (—1+44mcos0) cos 2n0d0 + O(Ka)

= (=11 +O(Ka), (A1.15)

4n2—1
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whence, from (A 1.5),

—ia)a“lgzgig) = —Im+(In Ka-im)+ O(Ka).

From (A 1.15) and (A 1.1) we find that

f 7 (DY cos 0o
0

. ]
—W = —(1nKa—z7r)—y+21‘*-——»—'~ +O(Ka)

n(4n?—1)>2
=—(InKa—im)—y+32—-2In2+0(Ka),

on summing the series. Hence, when w > 0,

in
4f (D) cosfdli
3y O B
A (o(a/g)t) i (o)
8 ~(InKa—im)—y+§—-2In2+...
T 1-(2/m)Ka(mKa—im)+... ’ (A1.16)
i.e. since Ka = u?,
8 —2(Inu—4im)+3—-2In2—y+...
e 1.
A(u) 2 1_(4/71)%2(111%_%%-”)4_‘“ (A 17)
It follows that along OC, (argu = — }7) and OC_ (argu = 3m) we have
— Yy 3_ _
A(u)=8 2(In |u} T im)+§—2In2 'y+,__, (AL1S)

7% U+ (4/m) [u]? (In || F i) + ...

respectively. The approximations (A 1.18) are sufficient for our needs.

By a refinement of the preceding argument, analogous to Fredholm’s theory
of integral equations, it can be shown that A() is an analytic function of % in the
entire complex plane cut along the negative imaginary axis, and that it can be
represented by an expression of the form (A 1.12), where the A’s are now series
with real coefficients convergent for all Ka.

(2) Asymptotic behaviour for large complex u. (See the discussion following
equation (5.1) above.) The behaviour for large real  was considered in an earlier
paper (Ursell 1953); equations quoted from that paper are distinguished by the
letter O. We examine here how the methods of that paper can be adapted when
—e<argu <e6.

The variable N = u? was used in the earlier paper. An integral equation
(O 3.15) of the form

in
¢(a;N)+f @(0; NYK(O,o; N)dO = known function of « and N
0

was chosen for the values ¢(6; N) of the potential on the circle, in such a way that
the kernel §(6, «; N) tends to zero as N tends to infinity; there are infinitely
many such small kernels ®. The equation was then solved by iteration, and the
asymptotic form of the force coefficient for real N was obtained (O 5.1, 0 5.7)

4

A(u)~ ].-’W“i-.... (A2.1)
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The procedure for constructing the small kernel & was as follows. The kernel
derived from a simple wave source (see O 3.3) contains large wave terms which
were almost entirely removed by placing a wave source of suitable strength
{(depending on a) at the centre of the circle. The wave terms can in fact be can-
celled exactly (cf. Ursell 1961, p. 644) and we shall now suppose this done. The
kernel of the resulting equation (cf. 0 3.7, O 3.14) is then of the form

RO, 0; N) = &0, 0; N)+ €N RD(G, a5 N), (A2.2)

where 80 and §® are both small and do not contain oscillatory terms. It is the
factor '~ which might give rise to rapid oscillations in the derivatives of ¢(f; N)
and A(u). The same procedure works for large N in an angle

O0<argN <2 (ie.0<argu<e),

where ¢¥ remains bounded, provided that the kernels § and §® remain small
in this angle. This seems reasonable but needs detailed verification.

Tt is the angle —2¢ < arg N < 0, however, in which we are really interested.
Here the factor ¢!V becomes exponentially large, and the method of iteration fails
with the kernel (A 2.2). But we note that the term ¢V @® may be modified by
subtracting a finite number m of wavefree potentials (Ursell 1953, p. 96, footnote).
The resulting term is roughly of the form (2m)! N-2m¢N Q2(H,a; N) where
R is expected to be uniformly small. If now we take for m an integer near §|N|,
then Stirling’s formula shows that this part of the kernel is exponentially small,
and an iterative solution can proceed very nearly as before. The kernels &V
and @ must still be studied in detail, but it is not expected that this will present
any great difficulty.

When ¢(6; N) has been shown in this way to be non-oscillatory, it will then
follow from the definition (see (3.6) above) that the behaviour of the force
coefficient A(u) is given by (A 2.1) in some positive angle —e < argu# < € and
hence also that A(u) and all its derivatives are non-oscillatory for large real «.

The work described in this paper was supported by the United States Office
of Naval Research under Contract N 62558-3556(NR 062-304).
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